Solution Homework 8 by Alberici, Diego
HOMEWORK 8, CALCULUS AND LINEAR ALGEBRA, 2015/2016
Assigned 11/18/2015, due 11/25/2015, collected from 2pm to 2.15pm sharp!
Name and Family Name (CAPITAL LETTERS):
MATRICOLA N.:
Exercise 1
Let ~a =
(
2
3
)
and ~w =
(
1
1
)
be two vectors in R2. Find ~u and ~v such that ~u + ~v = ~w and ~u ‖ ~a and
~v ⊥ ~a (the symbol ‖ means parallel while ⊥ means orthogonal).
Solution: ~u parallel to ~a means that ~u = k~a for a certain number k ∈ R. Namely ~u =
(
2k
3k
)
.
~v orthogonal to ~a means that ~v • ~a = 0. Namely, writing ~v =
(
v1
v2
)
, it holds 2v1 + 3v2 = 0. Therefore
~v =
(
v1
− 2
3
v1
)
for some v1 ∈ R.
Using these expressions for ~u and ~v,
~u+ ~v = ~w ⇐⇒
(
2k
3k
)
+
(
v1
− 2
3
v1
)
=
(
1
1
)
⇐⇒
{
2k + v1 = 1
3k − 2
3
v1 = 1
⇐⇒
{
v1 =
3
13
k = 5
13
In conclusion, by substituting these values of k and v1 in the expressions of ~u and ~v, you obtain:
~u =
(
10
13
15
13
)
, ~u =
(
3
13
− 2
13
)
.
Exercise 2
Given the following vectors in R3: ~a =

 20
0

 , ~b =

 01
0

 and ~c =

 32
1

.
a) Compute the volume of the parallelepiped spanned by ~a,~b,~c.
b) Compute the cosine of the angle between the vectors ~b and ~c.
Solution:
a) The volume of the parallelepiped spanned by ~a,~b,~c can be computed as |~a • (~b × ~c)|. Using definition
of cross product and scalar product,
|~a • (~b × ~c)| =
∣∣∣∣∣∣det

2 0 30 1 2
0 0 1


∣∣∣∣∣∣ = 2
b) The cosine of the angle between ~b and ~c is given by
~b • ~c
||~b|| ||~c||
=
2
1
√
32 + 22 + 12
=
2√
14
.
1
Exercise 3
Given the following points in R3: P = (0, 1, 2), Q = (1, 1, 0) and R = (0, 2, 0),
a) Write the equation of the plane α in R3 that contains P,Q,R.
b) Write, in the canonical decomposition, a vector which is orthogonal to the above plane and has length
1.
Solution:
a) Fix one of the points, fox example P . The vectors
−−−−→
Q− P , −−−−→R− P are parallel to the plane α, hence
their cross product ~v :=
−−−−→
Q− P ×−−−−→R− P is orthogonal to the plane α. Compute this vector:
~v =
−−−−→
Q− P ×−−−−→R− P =

 10
−2

×

 01
−2

 =

 22
1


Now, since the plane α is orthogonal to ~v and contains the point P , α is the set of points X = (x, y, z) ∈
R
3 that satisfy −−−−→
X − P • ~v = 0 , namely 2x+ 2(y − 1) + z − 2 = 0 .
b) As seen, the vector ~v is orthogonal to the plane α. To obtain a vector of length 1 it is sufficient to
divide ~v by its length:
~v
||~v|| =
1
3

 22
1

 = 2
3
~i+
2
3
~j +
1
3
~k .
Exercise 4
Consider the line r in R2 of equation x− y = 0 and the point P = (3, 2).
a) Find a vector ~n orthogonal to the line
b) Compute the distance between the line and P
Solution:
a) The vector ~n =
(
1
−1
)
is orthogonal to the line r. Indeed a point X = (x, y) ∈ R2 belongs to r if
and only if
−−−−→
X −O • ~n = 0.
b) Since the line r contains the origin O = (0, 0), the distance between the point P and the line r equals
the length of the orthogonal projection of the vector
−−−−→
P −O on the direction of the vector ~n. Namely:
dist(P, r) =
|−−−−→P −O • ~n|
||~n|| =
1√
2
∣∣∣∣
(
3
2
)
•
(
1
−1
)∣∣∣∣ = 1√2 .
2
